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Abstract Natural orbitals for chemical valence (NOCV)
were recently introduced as descriptors of chemical bond.
They were shown to provide a valuable bond diagnosis in
transition metal complexes (Mitoraj and Michalak in J Mol
Model 13:347–355, 2007). The present paper treats the math-
ematical basis for the proposed method. In particular, the
algebraic properties of NOCV, on which this methodology
relies, are rigorously proven.
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1 Introduction

Recently Mitoraj and Michalak [1,2] introduced Natural
Orbitals for Chemical Valence (NOCV) as descriptors of
chemical bond. This approach leads to very compact descrip-
tion of the bonding phenomenon because NOCV decompose
the deformation density�ρ into diagonal contributions. The
analysis of a chemical bond with NOCV was shown to be par-
ticularly valuable for transition metal complexes: in this case
NOCV provide quantitative characterization of σ -donation
and π -back-donation effects contributing to ligand–metal
bond [1,2].

Natural orbitals for chemical valence are defined as eigen-
vectors of the valence operator of Nalewajski-Mrozek theory
[3–7], being the difference of molecular and promolecular
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density operators:

V = 2
N∑

i=1

(
|ψi 〉 〈ψi | −

∣∣∣ψ0
i

〉 〈
ψ0

i

∣∣∣
)
, (1)

where {ψ1, . . . , ψN } and
{
ψ0

1 , . . . , ψ
0
N

}
are occupied

molecular and promolecular orbitals, respectively. The pro-
molecule is a reference system for bond formation process
consisting of non-interacting fragments placed at their equi-
librium positions in the molecule. Naturally, the separation
of a given molecule into fragments (i.e. the choice of the pro-
molecule) is arbitrary—it depends on the selection of bond(s)
being under investigation.

In the definition of V above (Eq. 1) the molecule and the
fragments are assumed to have spin-restricted single-deter-
minant wavefunctions. A straightforward generalization to
spin-unrestricted case is possible: valence operator for each
spin (↑ and ↓) should be considered separately: the orbitals
ψi , ψ

0
i would be then orbitals for the given spin; the factor

“2” in Eq. 1 should be omitted.
In the construction of the quantitative measure for

σ -donation andπ -back-donation effects, the following “pair-
ing property” of NOCV is of primary importance: all non-
zero eigenvalues of V (i.e. those which contribute to the
bond) appear in pairs of opposite numbers:

Vϕ±k = ±νkϕ±k (νk > 0) . (2)

Above, (ϕ+k, ϕ−k) is a coupled pair of NOCV. Another,
related property concerns the electronic populations (“occu-
pation numbers”) of NOCV, which are defined as expectation
values of the molecular density operator, P:

n±k = 〈ϕ±k |Pϕ±k〉 , (3)
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(where P = 2
∑N

i=1 |ψi 〉 〈ψi |). It follows that the popula-
tions of NOCV in each pair (ϕ+k, ϕ−k) satisfy simple rela-
tions:

{
n+k + n−k = 2
n+k − n−k = νk .

(4)

According to Eqs. (2) and (4) the total electronic transfer
due to bond formation might be decomposed into sum of
separated transfers within pairs of coupled NOCV. For each
k, the transfer of νk electrons from ϕ−k to ϕ+k orbital is
observed; during this transfer the total number of electrons
in (ϕ−k, ϕ+k) pair remains constant and equal exactly to two
electrons [1].

The explanation of the algebraic properties of NOCV men-
tioned above (Eqs. 2, 4), which are the basis of the NOCV-
based approach [1,2], will be the subject of the present paper.
The proofs will be given for the case of spin-restricted wave-
functions (the extension to spin-unrestricted case is straight-
forward).

2 The “pairing property” of NOCV eigenvalues

In the proof of Eq. (2) given below we shall explicitly diag-
onalize the valence operator (1) by employing an auxiliary
set of orbitals, which are analogous to the paired orbitals
due to Amos and Hall [8]; see also the paper by Zilberberg
and Ruzankin [9] (Paired orbitals were originally introduced
in the context of natural- and spin-orbitals for the UHF-type
wave-function.) A mathematical technique used in the con-
truction thereof is singular value decomposition (SVD) [10].
It was already employed in the theory of chemical bonding
e.g. by the concept of paired interacting orbitals [11,12].

Let G be the N × N overlap matrix between occupied

molecular and promolecular orbitals, i.e. Gi j =
〈
ψi |ψ0

j

〉
.

Singular value decomposition exists for G:

G = U WU †
0 ,

where U , U0 and W are N × N matrices; U and U0 are
unitary, whereas W is diagonal (Wi j = wiδi j ).

Let us now define the following auxiliary orbitals:

ai =
N∑

j=1

ψ jU
j

i ; bi =
N∑

j=1

ψ0
j (U0)

j
i (i = 1, . . . , N ) , (5)

which can be easily proven to satisfy the following
orthogonality relations:

⎧
⎪⎨

⎪⎩

〈
ai |a j

〉 = δi j〈
bi |b j

〉 = δi j〈
ai |b j

〉 = wiδi j .

(6)

By analogy to the Amos–Hall paired orbitals, introduced for
total- and spin-density operators arisen from UHF wavefunc-
tion, the orbitals ai , bi might be called “the paired orbitals
for the valence operator”. Using them, V may be easily
rewritten as

V = 2
N∑

i=1

( |ai 〉 〈ai | − |bi 〉 〈bi |
)
. (7)

Now consider the combined set of orbitals {ai , bi }N
i=1.

Employing the orthogonality relations (6), one can easily
assure that all distinct orbitals in this set are linearly inde-
pendent. (In the other words: the only possible type of linear
dependency is the exact equality ak = bk , which might hap-
pen for some k.) This property suggests the partitioning of
one-particle Hilbert space H (spanned by the chosen AO
basis) into three disjoint subspaces H = H1 ⊕ H2 ⊕ H3,
where:

– H1 is spanned by those ak and bk for which ak �= bk (as
noted above, all of them are linearly independent)

– H2 is spanned by all ak such that bk = ak

– H3 is the linear complement of H1 ⊕ H2 to H.

From Eq. (7) one can show easily that V ξ = 0 for any ξ ∈
H2⊕H3. Thus, non-trivial (other than zero) eigenvalues of V
can be obtained only within H1. To find them, let us inspect
how V operates on the “paired orbitals” ak, bk spanning H1.
For each k:

V ak = 2 (ak − wkbk)

V bk = 2 (wkak − bk) .

Hence V —when restricted to H1 and expressed in the basis
of {ak, bk}—is represented by a block-diagonal matrix con-
sisting of 2 × 2 blocks Vk , where:

Vk = 2

(
1 wk

−wk −1

)
. (8)

By explicit diagonalization of (8) one can show that each Vk

contributes a pair of opposite eigenvalues ±νk , where

νk = 2
√

1 − w2
k .
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(The square root above is well defined in the real domain
because |wk | ≤ 1.) As already noted, all other eigenvalues
of V (corresponding to H2⊕H3) are exactly zero. This state-
ment finishes the proof.

3 Electronic populations of NOCV

Having the valence operator expressed in the basis of “paired
orbitals” (compare Eq. 8) one can easily find its normalized
eigenvectors as the combinations of ak, bk :

ϕ±k = −wkak + (1 ∓ νk/2) bk
[
2 (1 ∓ νk/2)

(
1 − w2

k

)]1/2 .

Putting the above ϕ±k into definition (3) and expressing P
by means of ai (analogously to Eq. 7: P = 2

∑N
i=1 |ai 〉 〈ai |)

one finally obtains the electronic population of ϕ±k :

n±k = 1 ± νk/2 .

Such occupation numbers indeed satisfy (4) and this conclu-
sion finishes the proof.

4 Conclusions

The present paper focused on proving the algebraic prop-
erties of the NOCV: the symmetry of their eigenvalues and

simple relations between their electronic populations. These
properties are crucial for the validity of the proposed NOCV-
based analysis, which method provides simple but useful
bond diagnosis, promising especially for transition metal
compounds [1,2].

Acknowledgments The author is thankful to Prof. Ewa Broclawik
(Polish Academy of Sciences) and to Dr Artur Michalak and Mariusz
Mitoraj (Jagiellonian University) for valuable discussions.

References

1. Mitoraj M, Michalak A (2007) J Mol Model 13:347–355
2. Mitoraj M, Michalak A (2007) Organometallics 26:6576–6580
3. Mrozek J, Nalewajski RF, Michalak A (1998) Pol J Chem

72:1779–1791
4. Nalewajski RF, Mrozek J, Mazur G (1996) Can J Chem 74:

1121–1130
5. Nalewajski RF, Mrozek J, Michalak A (1997) Int J Quantum Chem

61:589–601
6. Nalewajski RF, Mrozek J (1994) Int J Quantum Chem 51:187–200
7. Nalewajski RF, Koster AM, Jug K (1992) Theor Chim Acta

85:463–484
8. Amos A, Hall G (1961) Proc R Soc A 263:483–493
9. Zilberberg I, Ruzankin SP (2004) Chem Phys Lett 394:165–170

10. Press W, Flannery B, Teukolsky S (1992) Numerical recipes in
FORTRAN: the art of scientific computing, 2nd edn. Cambridge
University Press, Cambridge, Chap 2.6, pp 51–63

11. Fujimoto H, Yamasaki T, Mizutani H, Koga NA (1985) J Am
Chem Soc 107:6157–6161

12. Motoki T, Shiga A (2004) J Comp Chem 25:106–111

123


	On the properties of natural orbitals for chemical valence
	Abstract
	Introduction
	The ``pairing property'' of NOCV eigenvalues
	Electronic populations of NOCV
	Conclusions
	Acknowledgments
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


